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This work establishes complete convergence for maximal normed weighted sums from arrays
of rowwise independent random elements taking values in a real separable stable type p
Banach space or in a real separable Rademacher type p Banach space under optimal moment
conditions. An extension of a result in Hu et al. (Stochas Anal Appl 39:177-193, 2021)
is obtained as a special case of the main theorem. To establish the main result, which is
a Baum—Katz—Hsu—Robbins—Erdos-type theorem for maximal normed weighted sums, we
prove a Rosenthal-type inequality for maximal normed partial sums of independent random
elements taking values in Rademacher type p Banach spaces. Moreover, the conditions for
complete convergence in the main result are shown to completely characterize stable type p
Banach spaces when 1 < p < 2. The sharpness of the results is illustrated by two examples.
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1 Introduction and motivation

Throughout, all random elements are defined on a probability space (€2, F, IP) and take values

in a real separable Banach space X with norm || - ||.
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Let A be a nonempty index set. A family of X-valued random elements {X;, A € A} is
said to be stochastically dominated by a real-valued random variable X if

sup P(| Xl > 1) <P(|X]| > 1) forallt > 0. (1.1)
AEA
If the random elements X, A € A are identically distributed, then (1.1) is of course satisfied
with X = | X;, |l for any 19 € A. Some authors use an apparently weaker definition of
{X,, A € A} being stochastically dominated by a real-valued random variable Y, namely
that

sup P(| Xyl > t) < CiP(Ca|Y]| > ¢t) forallt > 0 (1.2)
rEA
for some constants Cy, C» € (0, 00). It was recently shown by Rosalsky and Thanh [21] that
(1.1) and (1.2) are indeed equivalent.
If a family of random elements {X;, A € A} is stochastically dominated by a real-valued
random variable X, then for all p > O and ¢ > O,

sup E(RGIPIAIXG0 > 1) < E(XIP1(X]| > 1) (1.3)
S

and

iulle(”XA”pl(”XA” <) < E(X|P1(1X| < 1) +t"P(X| > 1) < E(X|"). (1.4)
€
The inequality in (1.3) follows from Lemma 3 of Adler et al. [2] and the first inequality
in (1.4) follows from Lemma 1 of Adler and Rosalsky [1]. It is easy to verify the second
inequality in (1.4). We will use (1.3) and (1.4) in our proofs without further mention.
Complete convergence for sums of independent X'-valued random elements was studied
by many authors, but only few of them consider complete convergence for maximal normed
partial sums which is of special interest. The following proposition is a recent result of Hu
et al. [12] concerning complete convergence for maximal normed partial sums of random
elements in Rademacher type p Banach spaces. We refer to Ledoux and Talagrand [16] for
the definitions of Rademacher type p and stable type p Banach spaces. Equivalent character-
izations of a Banach space being of stable type p, properties of stable type p Banach spaces,
as well as various relationships between the conditions ‘“Rademacher type p” and “stable
type p” may be found in Woyczyniski [28], Marcus and Woyczynski [17], and Pisier [18].
Some of these properties and relationships were listed in [20].

Proposition 1.1 (Hu et al. [12]) Let 1 < p < 2, and {k,,n > 1} be a sequence of positive
integers satisfying lim, oo k, = 00. Let {X,, i, 1 <i < k,,n > 1} be an array of rowwise
independent mean zero random elements taking values in a real separable Rademacher type p
Banach space. Suppose that the array {X,;, 1 <i < k,,n > 1} is stochastically dominated
by a real-valued random variable X. Let o > 0, and let {a,;,1 < i < k,,n > 1} be an
array of constants satisfying

ki
> lanil? = 0. (1.5)
i=1

Suppose that
kn = o(n/P), (1.6)
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and
E(1X|?) < oo. (L.7)

Then forall B <o — 1,
k

o

E nPP | max E an.iXn.i
1<k<k, ||* ’

n=1 i=1

In view of the Baum—Katz theorem (see Theorem 1 in [4]), a natural question to ask is
whether or not the moment condition (1.7) is sharp. The current work is an attempt to answer
this question. More precisely, we shall prove in Sect. 3 the following theorem which follows
from Theorem 2.3, the main result of this paper.

> 8) < oo forall e > 0. (1.8)

Theorem 1.2 Let 1 < p < 2, and {k,,n > 1} be a sequence of positive integers satisfying
lim, o0 ky = 00. Let {X,i, 1 <i <kn,n > 1} be an array of rowwise independent mean
zero random elements taking values in a real separable Rademacher type p Banach space.
Suppose that the array {X,;, 1 < i < k,,n > 1} is stochastically dominated by a real-
valued random variable X. Let « > 0, and let {a, ;,1 < i < k,,n > 1} be an array of
constants satisfying (1.5). Suppose that

ky = O(n). (1.9)
Then for all —1 < B < «a — 1, the moment condition
E (|X|(ﬂ+2)1’/(°‘“)) < o0 (1.10)
implies (1.8).

Remark 1.3 (i) Itis easy to see that (1.8) is trivial if 8 < —1. Since B < o — 1, the moment
condition (1.10) is weaker than (1.7). Furthermore, it follows from Proposition 2.8 and
from a perusal of the proof of Theorem 1.2 that the moment condition (1.10) is optimal
for (1.8).

(i1) InProposition 1.1, there is a tradeoff involving «. The large is «, the stronger is (1.5) but
the weaker is (1.6). It is easy to see that if « > p, then (1.6) is weaker than (1.9). But
if @ < p, then (1.6) is stronger than (1.9). See Remark 4.3 in [12] for another tradeoff
involving p and the hypotheses of Proposition 1.1.

2 A Baum-Katz-Hsu-Robbins-Erdds-type theorem for maximal
normed weighted sums

2.1 A Rosenthal-type inequality for maximal normed partial sums in Rademacher
type p Banach spaces

The following result, which may be of independent interest, is a Rosenthal-type inequality
for maximal normed partial sums of independent random elements in Rademacher type p
Banach spaces. When g = p, it reduces to Lemma 2.1 of Rosalsky and Thanh [19]. Making
use of the case ¢ > p is a crucial step in the proof of Theorem 2.3.
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Lemma2.1 Let1 < p <2and{X;,1 <i < n}bea collection of n independent mean zero
random elements in a Rademacher type p Banach space X. Then for all ¢ > p, there exists
a constant C), 4 € (0, 00) depending only on p and q such that

n q/p n
(ZEnXin") +Y E(IX09 ). @
i=1 i=1

k q

>

i=1

E | max
1<k<n

Proof The conclusion of the lemma is trivial if ¢ = p = 1. Therefore, we only need to
consider the case ¢ > 1. Let

Si=X14+--+ X, 1 <k=<n,
and
Fre=0X1,...,Xp),1 <k <n.

Then {||Sk|l, Fx, | < k < n} is a nonnegative submartingale and so by Doob’s inequality
(see, e.g., [7, p. 255)),

q
E ( max IISkII"> = (L) E[|S,1l7. 2.2)
1<k=n q—1

Since X is of Rademacher type p,

k
E(IS:17) < Cp Y E(I1X:117). (2.3)
i=1

where C, € (0, 00) is a constant depending only on p. Applying Lemma A.1, Jensen’s
inequality, and (2.3), there exists a constant C, depending only on g such that for all 1 <
k <n,

q
E(IS.11) <€, ((Ensn h? +E <llgfl<xn ||Xi||) )
<C, ((E 15,17)"7 + E (Z ||Xi||‘1)>

i=1

n q/p n
(Cﬂ ZE(||Xi||p)) +Y E(X:09) | 2.4)
i=1 i=1

Combining (2.2) and (2.4), we have
q n
q
E (f;’,f‘;‘n ||sk||‘f) < (ﬁ) Cy (Cp;IE(nXinp)) Z (1:19)
n q/p
(ZMII&-II”)) +ZE 1X:11)

q
thereby proving (2.1) with €, = (%) C, max{C,, 1}. o
p—
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Remark 2.2 The Rosenthal inequality (Rosenthal [22]) for sums of independent random vari-
ables is a very useful tool in proving limit theorem in probability. Finding the best constant in
the inequality for independent random variables taking values in the real line (Rademacher
type 2) is an interesting problem. If {X;, 1 <i < n} are independent symmetric real-valued
random variables, it is proved in [13] that

q\ 1/4q
K
(IE ) < 24 max E

n
>ul) =i
i1 gq

o 172

n 1/q
(Z E(|Xi|q)> forall ¢ > 2,
i=1

(2.5)

n
>
i=1

1
where K is a universal constant satisfying —2 < K < 7.35.1In[13], it is also proved that

the rate g/ log g is optimal. In [15], it is shoewn that (2.5) holds with K approximately equal
to 2e (see Theorem 2 and Corollary 3 in [15]). Recently, Chen et al. [6] used Stein’s method
and proved that (2.5) holds with K < 3.5 without assuming the symmetry of the random
variables. The Rosenthal-type inequality obtained in [6] can be applied to random variables
satisfying many interesting dependence structures.

2.2 A Baum-Katz-Hsu-Robbins-Erdds-type theorem for maximal normed weighted
sums

Theorem 2.3 may now be presented. It is a Baum—Katz—Hsu—Robbins—Erdds-type theorem
(see Theorem 1 in [4], Theorem 1 in [10], and Theorem I in [8]) for maximal normed weighted
sums in stable type p Banach spaces. Hereafter, let C denote a generic constant (0 < C < 00)
which is not necessarily the same one in each appearance.

Theorem2.3 Let p > 1, @ > 1/2, po = min{p,2}. Let {X,;,1 < i < k,,n > 1} be
an array of rowwise independent mean zero random elements in a real separable stable
type po Banach space X, and let {k,,,n > 1} be a sequence of positive integers such that
lim,— o0 kn = o0 and (1.9) holds. Suppose that the array {X,;,1 < i < k,,n > 1} is
stochastically dominated by a real-valued random variable X. If

E(X|?) < oo, (2.6)

then
k

o0

E n*P72P [ max E CniXn.i
1<k<k, |“

n=1 i=1

where {cp i, 1 <1 < k,,n > 1} is an array of constants satisfying

> n“e) < oo foralle >0, 2.7)

kn
Z lcn.il” = O(n) for some r > max {p, 2(ap — 1)/2a — 1)} . (2.8)

i=1

Remark 2.4 By (1.9) and Hoélder’s inequality, we see that the larger is r, the stronger is the
condition (2.8). To see this, assume that

k"
Z lcn.il™ = O(n) for some r; > 0.
i=1
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Then for all 0 < r, < rq, we have from Holder’s inequality that

kn I=rafrv b r2/ri
Z leni|™ < (Z 1) (Dcn,n”) =0).
i=1

Proof of Theorem 2.3 1t is clear to see that we only need to consider the case ap > 1 since
(2.7) is obvious if ap < 1. In view of (1.9), we can assume, without loss of generality, that
ky=n.Forn>1,1<k <n,set

Yok = Xn k1 Xn il < n®), Zn g = Xn k1 Xp k|l > n®),

and

k
Snk = ch,i(yn,i —EYn,i)).

i=1

Let ¢ > 0 be arbitrary. For n > 1, we have
max ch iXnill >n%
1<k<n ;
<P|( max [ X, ;| >n* max chzYnt
1<i<n ’ 1<k<n :

n
< ZP [ Xn,ill > n%) +P (lrllai(” ISni| > n%e — Z HE(C,,JZ:,;’)H) )

i=1

>n g) 2.9)

By (2.6), Lemma A.2, and the stochastic domination assumption, we have

00 n 0
Don Y P (Xl = %) < 3on? TR (1X] > ) < oo, (2.10)
n= i=1

n=1

Since E(X, ;) = 0, E(|X|?) < oo and ap > 1, we have by (2.8), Remark 2.4, and the
Lebesgue dominated convergence theorem that

Z,r'lzl IE (Cn,iYn,i) l _ er‘lzl ”E(Cn,izn,i) l

n¢% n%
(X leni ) EQXIL(X| > n%))
< g
nE(X|1(X| > n%))
< p

! E |X17 1(X ¢
_na_] |X|p_] (| |>I’l)

CE(X[P1(X|P > n®?)) — Oasn — oco. (2.11)

<
= pap-

Combining (2.9)—(2.11), the proof of the theorem will be completed if we can show that

o0
Z”O‘P’ZP <1Tkax ||S,, k” >n 8/2) < 00. (2.12)
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Firstly, we consider the case where 1 < p < 2. Then pg = p. Since X is of stable type
p Banach space, it is of Rademacher type p; for some p < p; < 2. Set ¢ = min{p;,r} €
(p, r]. By (2.8) and Remark 2.4, we have

> lenil? < 0. 2.13)

i=1

Since X is of Rademacher type pj, it is also of Rademacher type g. Applying Markov’s
inequality, Lemma 2.1, (2.13), (2.6), and Lemma A.2, we have

oo
Zn‘”’*zIF’ ( max || S| > n"‘a/Z)
It 1<k<n

2 o
<2 S (lrgg Sui] )

n
<C Zn”“’*q*z D len il El Y — E(¥, )11

n=1 i=1

oo n
<C Y n PN e i [N |14

n=1 i=1

<Cy prm2 (Z |cn,,-|q> (E(X|1(X| < n®)) 4+ n""P(IX| > n%))

n=1 i=1

o0 oo
<C Zn”‘(””’)’lE(leql(|X| <n%)) +C Zn“”71P(|X| >n%) <oo (2.14)

n=1 n=1

thereby proving (2.12).
We now consider the case where p > 2. Then pg = 2 and X is of Rademacher type 2.
Applying Markov’s inequality and Lemma 2.1, we obtain

o0

Z “p= 2P<1r11];a§ |Snk| > n 5/2) < —Zna(p it 2E<mai( ISn] >

n=I1

00 n )
<C) ner=? (Z 2 BNV — JE(Yn,,-)||2>
n=1

i=1
n
+ ) lenil B Yni — E(Yn,»n’)

i=1
=1+ 1. (2.15)

By Jensen’s inequality and (2.6), we have

E Yl < E(XI*1(X] < n%) +n**P(1X| > n%)

2.16
<E(X?) < EIX|P)?P < co. (210
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It follows from (2.8), (2.16), and Remark 2.4 that

00 n r/2
n=1 i=1

00
<C Z na(pfr)72nr/2

n=1

o0
=C )y pHer=DmrQeh2 < o (2.17)
n=1

Proceeding in a similar manner as the last four lines of (2.14), we obtain that
I, < o0. (2.18)

Combining (2.15), (2.17), and (2.18), we obtain (2.12).
The proof of the theorem is completed. O

Remark 2.5 If 0 < p < 1, then Theorem 2.3 holds without any geometric condition of the
underlying Banach space and without the rowwise independence and mean zero assumptions
on the array {X, ;, 1 <i < k,,n > 1}. This is proved as follows:

Let Y, x and Z, x be as in the proof of Theorem 2.3. Let ¢ > 0 be arbitrary, and let
g =min{(p + 1)/2,r} € (p, 1). By (2.8) and Remark 2.4, we have

> lenilt = 0. (2.19)
i=1

q

IA

IA

(2.6), and Lemma A.2, we have
> n"‘e/Z)
&4 1<k<n
o0 n
CY PO N " ey | TE| Y, i)
n=1 i=1

00 k
Z n*P72P [ max Z CniYni
I<k<n
n=1 i=1
k
Z Cn,i Yn,i
n=1 i=1
n

20 &
2q 00 n q
= Zna(p—q)—2E ((Z lcn,iYn,i I|> )
&
i=1
oo
<c Zna(p_q)_z (Z |Cn,i|q> (E(X171(1X| < n%) +n*P(1X| > n%))
n=1

Applying Markov’s inequality, the C,-inequality (see, e.g., Theorem 3.2.2 in [9]), (2.19),
< =) poPO72E [ max
n=1
i=1

o0 o0
<C Zn“<P—‘1)—1E(|X|‘11(|X| <n%)+C Znal’—lpqm > n%) < 0o. (2.20)

n=1 n=1

Combining the first inequality in (2.9), (2.10), and (2.20), we obtain (2.7). O

@ Springer



Optimal moment conditions for complete... Page90of15 108

For the case where the Banach space is of Rademacher type 2 (or, equivalently, of stable
type 2), we have the following corollary which establishes complete convergence for maximal
normed weighted sums. When a,, ; = 1, this result was proved in [11] (only for partial sums
of real-valued random variables) by a different method (see [11, Theorem 2]). When s = 1,
this is the Hsu—Robbins theorem (see Theorem 1 in [10]) for weighted sums in Banach spaces.

Corollary2.6 Let 1 < s < 2 and {X,;,1 < i < n,n > 1} be an array of rowwise
independent mean zero random elements in a real separable Rademacher type 2 Banach
space. Assume that the array {X,;,1 < i < n,n > 1} is stochastically dominated by a
real-valued random variable X. If

E(IX[*) < oo, 2.21)

then

> nl/ss) <ooforalle > 0, (2.22)

) k
ZIP’ max ch,an,i
1<k<n || 4
n=1 i=1
where {cp i, 1 <i <n,n > 1} is an array of constants satisfying

n
Z lcn.il” = O) for somer > 2s/(2 — s). (2.23)
i=1
Proof Letting p = 25 and o = 1/s, then (2.21) coincides with (2.6), and (2.8) follows from

(2.23) and the assumption that 1 < s < 2. Applying Theorem 2.3 with p = 2s, @ = 1/s and
po = 2, we obtain (2.22). O

The following example, which was inspired by examples of Beck [5] and Kuczmaszewska
and Szynal [14], shows that Theorem 2.3 can fail if the stable type po hypothesis is weakened
to the Rademacher type po hypothesis.

Example2.7 1et 1 < p < 2and o = 1/p. Then o > 1/2. Let X be the real separable
Banach space £, of absolute p-th power summable real sequences x = (x1, x2, ...) with
norm

1/p

o0
Ixll = | > 117
j=1

Let po = min{p, 2} = p. The Banach space £, is of Rademacher type pg but is not of stable
type po. Let e; denote the i-th element of the standard basis in £ ,; that is, e; is the element
in £, having 1 for its i-th coordinate and O for the other coordinates. Letk,, = n, n > 1. Let
{Rn,i, 1 <i <n,n > 1}beanarray of rowwise independent Rademacher random variables:

1
PRy i =1) =P(R,; =—1) = X l<i<nn=>1.
Define
Xni=Rpiei, 1 <i<n,n>1

Clearly (1.9) holds and the array is stochastically dominated by the random variable X = 1
statisfying (2.6) since

1Xnill=1as., 1<i<nn>1.
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Now (2.8) holds with ¢, ; =1, 1 <i <n,n > 1 forall r > 0. However

k k k 1/p
ch,an,i ZRn,iei = <Z l) =kPas, 1<k<nn>1
i=1 i=1 i=1

and so for all ¢ € (0, 1),
> n””s)

oo
Z n®?72P | max
1<k<k,
n=1

k

E CmiXﬁJ

i=1

n

} CmiXﬁJ
i=1

00
>O‘> ZT’(
n-e n
n=1

Thus (2.7) fails.

The following proposition shows that the moment condition (2.6) in Theorem 2.3 is
optimal for (2.7).

Proposition 2.8 Let p > 1, po = min{p, 2}. Let {X;,i > 1} be a sequence of independent
mean zero random elements in a real separable stable type po Banach space such that the
random variables || X, ||, n > 1 are identically distributed. Then the following two statements
are equivalent.

(i) The random variable || X 1| satisfies
E(IX117) < oo.

(ii) For every o > 1/2 and for every array of constants {c,;, 1 <i < n,n > 1} satisfying
(2.8), we have

00 k

E n??72P [ max E cn.iXi
1<k<n || 4

n=1 i=1

Proof The proof of implication ((i)=(ii)) follows immediately from Theorem 2.3 by letting
Xpi=X,foralln > 1land 1 <i <n,and letting X = || X1].
Next, assume that (ii) holds. Letting « = 1 and ¢, ; = 1, we have from (2.24) that

o0
Z n?7?P | max
1<k=<n

n=1

> n“s) < oo forall e > 0. (2.24)

k

>
i=1

The rest of the argument proceeds in exactly the same manner as that of the necessary part
of Theorem 1.2 of [3] or that of Theorem 3.1 (ii) of [27]. We note that the assumption p < 2
in the necessary part of Theorem 1.2 of [3] or Theorem 3.1 (ii) of [27] is not needed. O

>n5> < oo forall e > 0.

The following example shows that in a real separable stable type p = 2 Banach space,
(a) Theorem 2.3 can fail if « = 1/2,
and

(b) the implication ((i)=>(ii)) in Proposition 2.8 can fail if « = 1/2.
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Example 2.9 Consider the real separable stable type p = 2 Banach space X = R with norm
|x], x € R. Let {X,,n > 1} be a sequence of i.i.d. real-valued random variables with
E(X;) =0and 0 < IE(X%) <oo,andlet X,,; = X;,1 <i <n,n>1Leta =1/2,and
cni =1,1 <i <n,n > 1. Now, if Theorem 2.3 holds with « = 1/2 or if the implication
((i)=(i1)) in Proposition 2.8 holds with « = 1/2, then

Zn P [ max
1<k<n

n=1

k

; i

i=

> I’ll/28> < oo forall e > 0,

and thus
n
¢
lim Zizi Xi _ 0 as. (2.25)
n—oo npl/2
But it follows from the central limit theorem that
n
X
lim sup Q =00 as.

ni/2

n—oo

which contradicts (2.25) thereby verifying (a) and (b).

The next theorem shows that when 1 < p < 2, Theorem 2.3 provides an exact character-
ization of stable type p Banach spaces.

Theorem2.10 Let 1 < p < 2, and let X be a real separable Banach space. Then the
following two statements are equivalent.

(i) X is of stable type p.

(ii) For every sequence {X,,n > 1} of independent mean zero X-valued random elements
which is stochastically dominated by a random variable X, for every o > 1/2, and
for every array of constants {c,,;,1 < i < n,n > 1} satisfying (2.8), the condition
E(IX|?) < oo implies

o0
Z n??72P [ max
1<k<n

n=1

Proof The proof of implication ((i)=>(ii)) follows immediately from Theorem 2.3 by letting
Xpi=X;foralln>1Tland1 <i <n.

Next, assume that (ii) holds. Let {X,,, n > 1} be a sequence of independent and symmet-
ric X'-valued random elements which is stochastically dominated by a real-valued random
variable X with E(|X|?) < oo. By lettingor = 1/p > 1/2 and ¢,; = 1, (2.26) becomes

Zn P [ max
1<k<n

k

ch,iXi

i=1

> n“e) < oo forall e > 0. (2.26)

k

L

=

> n”%) < oo foralle > 0,

and therefore

lim Yio X

; =0as.
n—oo n /p

By Lemma A.3, X is of stable type p. O
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Remark 2.11 A Reviewer kindly suggested that in Theorem 2.3, it may be possible to replace
(2.8) by the weaker condition that

kn

Z lcn.il” = O(n) for some r > p. (2.27)

i=1
That Reviewer also kindly pointed out to us that in Sung [23] and Wu et al. [29], the authors
proved Theorem 2.3 for sequences (rather than for arrays) of real-valued identically dis-
tributed p*-mixing random variables under (2.27). It should be noted thatif 1 < p <2 or
SUPp> 1 1<i<k, [Cnil < co < oo for some positive constant co, then (2.8) and (2.27) are the
same. However, (2.27) is weaker than (2.8) if p > 2 and the ¢, ; are not uniformly bounded.

By using our proof and further employing the technique presented in Sung [23] and Wu
et al. [29], we can prove that Theorem 2.3 (and so Proposition 2.8 and Theorem 2.10) still
holds if (2.8) is weakened by (2.27). We sketch the proof as follows.

Under the assumptions of Theorem 2.3 with (2.8) replaced by (2.27), we can assume,
without loss of generality, that k, = n and > i, |cs;|” < n foralln > 1. Since (2.8) and
(2.27) are the same if 1 < p < 2, we only need to consider the case where p > 2, and
therefore, « > 1/p. Set

(1)

l’ll

(@]

=cpil(lenil = 1), Coi =cpil(lcpil > 1D, 1 <i<n,n>1

To prove (2.7), it suffices to show that

o0 k
> ner2p (1??2‘" X;c;ljx,,i > n“e> < oo foralle > 0, (2.28)
=
and
o) k
Zn”"’QIP’ <lr§/?én X;Cf’) Xnill > n“z—:) < oo forall ¢ > 0. (2.29)
=

. l) | < 1, we obtain (2.28) by Theorem 2.3. Therefore, it remains

to prove (2.29). Let ¢ > 0 be arbitrary. For 1 < k < n, n > 1, set erzlz =
¢ Xk 11 Xl < n®) and SO} = Y (v — E(r\?)). By (2.15)-(2.17) in Sung
[23] we have

Since SUP,> 1. 1<i<n |c

I = Zn‘w 2ZIP>(|C(2)X| > n%) < CE|X|P < 0. (2.30)

By (2.21)—(2.23) in Sung [23] (see also Lemma 2.7 in Wu et al. [29]), we have for all s > r
that

b= Zn‘”’ as— 2ZJE(|C(2)X| 17 X| < n%) < CEIX|? <c0.  (231)
n=1 i=1

By using (2.30) and following the same argument which leads to (2.12), the proof of (2.29)
will be complete if we can show that

o0
J = Zn‘”’*z]P’ < max
1<k<n

n=1

s = n“e/2> < . 2.32)
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Letting s > 2(ap — 1)/ (2« — 1), and using (2.30), (2.31) and the same argument as (2.15),
we have

0 n s/2 n
_§)— 2 2 2 2
J=Cy ntr (Z E|lY,? - E(Y,f,i)>llz> + 3 EIr® —Ex)

n=1 i=1 i=1

0 n 5 /2 n
<CY per2 (Z (<) ) + Y EIr@p

n=1 i=l i=1

oo n
<y petr? (ns/z + 37 (B2 X I X < 1) + P (I3 X] > n)))
n=1 i=1

00
<C (Zn—l-f-(ap—l)—s(th—l)/Z +1 +12> < 00
n=1

verifying (2.32). The proof is completed. O

3 The proof of Theorem 1.2
In this section, we will prove Theorem 1.2.

Proof of Theorem 1.2 Set

r=@B+2)p/l+a), ar=1+a)/p.

Then p; < p and oy p; = B+ 2 > 1. Since the underlying Banach space is of Rademacher
type p, it is of stable type p;. Letting 7| = p > p; and ¢, ; = n*'ay, ;, we have from (1.5)
that

kn kn

1
D lenil™ =0 an il = 0(m).

i=1 i=1

Now with p replaced by pi, « replaced by «1, and r replaced by 1, we obtain by applying
Theorem 2.3 for the case p; > 1 and Remark 2.5 for the case p; < 1 that

o0

Zn“‘p'_zP max
1<k=<k,

n=1

thereby proving (1.8). O

k

E Cn,an,i
i

=1

> n“'s) < ooforall e > 0,
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A Appendix

In this section, we present some known results which are used in the previous sections. The
first lemma is Theorem 1 in [24].

LemmaA.1 Let {X;, 1 <i < n} be a collection of n independent mean O random elements
in a real separable Banach space X. Then for all g > 1, there exists a constant Cy depending
only on g such that

n q n q
E([> X )ECq (E in> +E(11£1?<anlxillq)>-

i=1 i=1

The following simple result can be obtained by standard estimate (see Theorem 2.12.3 in
[9] or Lemma 4 in Thanh [26] for a more general version of condition (ii)).

LemmaA.2 Leta > 0, g > p > 0and let X be a real-valued random variable. Then the
following three statements are equivalent.

(i) E(1X|?) < oo.
(i) 302, n*P7IP(|1X| > n%) < oc.

(iii) Y 02 n*P=O-IE (1X])91(|X| < n%)) < oco.

The next lemma is Lemma 2.3 in [20]. This lemma may be compared with Lemma 2.4 of
[25] or Theorem V.9.1 of [28].

LemmaA.3 Let 1 < p < 2 and let X be a real separable Banach space. Suppose for every
sequence {X,,n > 1} of independent and symmetric X-valued random elements which is
stochastically dominated by a real-valued random variable X with E(|X|P) < oo that

lim 2=i=1 X

n—o00 nl/P

= 0 in probability.

Then X is of stable type p.
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